
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



29 

A DISCUSSION BY SYNTHETIC METHODS OF THE COVARIANT 
CONIC OF TWO GIVEN CONICS.* 



By PROFESSOR D. N. LEHMER, UniTersity of California. 



At the close of his chapter on Involution, Professor Reye, in his 
Geometry of Position, gives a proof of the following theorem: 

Any two tangents to a conic section which pass through two conjv^ate 
points of a given involution of points on a line, intersect, in general, upon an- 
other fixed conic. 

From the fact that conjugate points in an involution are harmonically 
separated by the double points of that involution, he is able to state the 
above theorem in the following way: 

The pairs of tangents to a conic, section which are harmonically separ- 
ated by two given points intersect, in general, upon another conic. 

This theorem, he notes, is a special case of the following, the proof of 
which is left to the student: 

The pairs of tangents to a conic, which are congugate with respect to a 
second conic, intersect, in general, upon a third conic. 

Just how this last theorem is intended to be developed from the theo- 
rems that precede is not clear. It is difficult to make any immediate connec- 
tion between these last two theorems. Owing to the importance of the last 
theorem, which concerns, indeed, the covariant conic of the two conies, the 
following discussion is given. 

The locus of poles of the tangents to one conic with respect to a sec- 
ond is a third conic, called the polar reciprocal of the first conic with respect 
to the second; to four harmonic tangents to the first conic correspond four 
harmonic points on the polar reciprocal conic. These statements follow 
from the fact that the tangents to the first conic may be considered as the 
lines joining corresponding points in two projective point rows. These two 
point rows reciprocate into two projective pencils of rays, corresponding 
rays of which meet on the polar reciprocal conic. The second part of the 
theorem follows easily. We have thus a projective correspondence set up 
between the tangents of one conic and the points of another. We propose 
now the following problem, which is fundamental for the purpose in hand: 

Problem. Given a pencil of rays of the second order, and a point row 
of the second order projectively related to it, to find how many of the lines of 
the pencil pass through the points of the -point row that correspond to them. 

Choose a point S on the front row of the second order as the center of 
a pencil of the first order perspective to it. This pencil will be projective to 
the pencil of the second order and the locus of the points of intersection of 
corresponding rays is a cubic curve with a double point at S. (This 

'Read before the meeting of the California Section of the American Mathematical Society February 29, X908. 
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is proved in the preceding chapter. See also The Transactions of the Amer- 
ican Mathematical Society, Vol. 3, pp. 372-376, July, 1902. ) This cubic will 
have at most four points in common with the point row of the second order 
besides the double point S. These points are easily seen to be the points in- 
volved in the problem. We see then, that at most four rays of the pencil 
pass through the points of the point row that correspond to them. 

Equipped with this last theorem we are able to discuss the theorem 
indicated by Professor Reye: The locus of points of intersection of the tan- 
gents of one conic which are conjugate with respect to another is a third conic. 

Given two conies, « and /?. From a point, P, which moves along an 
arbitrary straight line in the plane draw tangents, PA and PA' to the conic 
a. We wish to find in how many positions of P on the line the two tangents 
PA and PA' will be conjugate with respect to /3. The two systems of tan- 
gents PA and PA' are in involution, so that four harmonic tangents, PA, 
correspond to four harmonic tangents PA'. The pole of PA, the locus of 
which is the polar reciprocal of « with respect to /?, traces out a point row of 
the second order projective to PA and thus to PA'. At most four of these 
poles of PA will therefore lie on PA'. The locus is thus a curve of the 
fourth degree, being cut by an arbitrary line in at most four points. From 
the theory of poles and polars, however, if PA' pass through the polar of 
PA, then will PA' pass through the polar of PA, so that the four points in 
which an arbitrary line meets the locus coincide in pairs; the quartic is thus 
a pair of coincident conies. 

It is clear that the tangents PB and PB', for a point P on this locus, 
are harmonic conjugates with respect to PA and PA'. The locus of points 
from which four harmonic tangents may be drawn to two conies is thus a 
conic. It is in fact the covariant conic of the two conies. For the analytic 
side of the discussion, see Salmon's Conic Sections, pp. 306 and 344. If the 
anharmonic ratio of the four tangents be different from —1, the quartic 
found above does not degenerate necessarily, as appears also from the alge- 
braic discussion. The writer does not know of a discussion by synthetic 
methods of this remarkable conic, which as the above discussion indicates, 
passes through the eight points of contact of the four common tangents of 
the two conies. 



JOINT MEETING OF MATHEMATICIANS AND ENGINEERS. 



By DR. H. E. SLAUGHT, The University of Cliicago. 



A series of joint meetings of mathematicians and engineers, conducted 
at The University of Chicago, December 30, 31, 1907, under the auspices of 
the Chicago Section of the American Mathematical Society, seemed to inaug- 



